We investigate the surface vector plasmonic lattice solitons (PLSs) in semi-infinite graphene-pair arrays (GPAs). The surface vector PLSs are composed of two components which are associated with different band gaps. Both components undergo mutual self-trapping at the boundary of the semi-infinite structure when the self-focusing nonlinearity of graphene and the light diffraction reach a balance. Thanks to the strong confinement of SPPs, the surface vector PLSs can be squeezed into a deep-subwavelength width of ~0.003λ. By comparing with bulk solitons, the surface PLSs are more readily to excite by external waves and more sensitive to the surrounding environment. The study may develop promising applications in all-optical switching devices and optical sensors on deep-subwavelength scale. 
Introduction
Graphene, a single monolayer of carbon atoms arranged in 2D honeycomb lattice, has attracted much attention with its unique features in electronics and optics [1] [2] [3] [4] [5] . The optical response of graphene is related to the surface conductivity and sensitive to the chemical potential. At relatively low frequencies, graphene behaves like metal with the intraband transition of electrons dominating [6] . In comparison with that on metal, surface plasmon polaritons (SPPs) in graphene exhibit superior features such as stronger field confinement, lower loss, and flexible tunability by external fields or gate voltage [6] [7] [8] [9] . These features make graphene a promising material for novel optical nanodevices [10] [11] [12] .
Recently, the nonlinear properties of graphene have also attracted extensive attention such as the third-harmonic generation, four-wave mixing, and saturable absorption [13] [14] [15] [16] [17] [18] [19] . In particular, the third-order nonlinear electrodynamic effects of graphene have been comprehensively studied by Mikhailov et al. [16] . The Kerr-type nonlinearity is one typical class of the third-order nonlinear effects which presents in the dependence of graphene surface conductivity on the light intensity [20] [21] [22] [23] . Compared with a graphene monolayer, the graphene multilayer structures can exhibit nonlinear effects more significantly and diversely. For example, the graphene sheet arrays (GSAs) could support plasmonic lattice solitons (PLSs). They are spatial solitons and can remain stable distribution of transverse field during propagation.
Graphene sheet arrays are usually composed of periodic-arranged graphene sheets embedding in dielectric. The structure can provide a fertile platform for manipulating light propagation [24] [25] [26] [27] . The PLSs supported by GSAs are formed as the graphene nonlinearity and the SPP tunneling between adjacent graphene sheets reach a balance. Plasmonic lattice solitons in the infinite GSAs have been investigated, including scalar PLSs in monolayer graphene sheet arrays [23, 28] and vector PLSs in graphene-pair arrays [29] . Following the studies, surface scalar PLSs localized at and near the boundary of semi-infinite monolayer graphene sheets arrays have also been deliberated [23, 30] . The nonlinear surface state is associated with the properties of the corresponding Bloch waves in the infinite counterpart. The surface vector solitons are composed of two or more mutually trapped scalar components, which have been investigated in periodic dielectric structure [31] [32] [33] . However, the plasmonic analogy has not been studied yet. According to the previous works [23,28-30], we can predict that the semi-infinite graphene-pair arrays could support surface vector PLSs with the components associated with different band gaps. The surface vector PLSs will combine advantages from both vector solitons and surface solitons, including light-controllight property, relative strong localization, and the convenience of excitation [29, 30] .
In this work, we shall investigate the surface vector PLSs in semi-infinite graphene-pair arrays. There are two propagation bands of SPPs in the structure. The surface vector PLSs are composed of two components belonging to different band gaps with different frequencies. When both light components excite the self-focusing nonlinearity of graphene at the interface to balance their respective diffraction into the arrays, the surface vector PLS is formed with both components propagating stably. In the structure, the surface vecor PLSs can exhibit alllight control on deep-subwavelength scale (~0.003λ) due to the strong confinement of SPPs on graphene and the boundary effect. The threshold powers for two components of the surface vector PLSs are also studied. By changing the chemical potential of graphene, the threshold power can be modulated flexibly.
Transverse distribution and propagation of surface vector PLSs
The structure of the semi-infinite graphene-pair arrays is shown in Fig. 1 
where ε r (x) stands for the relative permittivity along the x axis. Equation (1) is aimed at solving the eigen problem. The transverse fields, H y and E x , are two elements of the eigenvector, while the propagation constant k z is the eigenvalue. In the linear case, the ). Both components exhibit normal diffraction which will be inhibited by the selffocusing nonlinearity of graphene. In the numerical calculation, graphene is treated as a thin film with an equivalent thickness Δ ≈1 nm. The relative equivalent permittivity of graphene could be given by ε g = 1 + iσ g η 0 /(k 0 Δ) [14] , where η 0 and k 0 are the impendence and propagation constant in vacuum. The nonlinearity of graphene originates from its surface conductivity σ g . It is proportional to the tangential electric field which can be written as σ g = σ g,linear + σ
The nonlinear conductivity σ NL is obtained from the general quantum theory of the graphene third-order nonlinear conductivity [16] ,
where σ 0 (3) = e 4 ћV F 2 /(4πμ c 4 ) with μ c is the chemical potential of graphene and the Fermi velocity V F ≈c/300. S (m/n) is dimensionless and represents the combination of intraband and interband contributions. The terms n = 0 and m = 0 refer to the net intraband contribution and net interband contribution, respectively. The other two terms are due to the combination of both intraband and interband contributions. The details are presented in the reference [16] . The linear part of the surface conductivity σ g,linear (λ, μ c , τ) is also obtained from the model [16] , which is consistent with the result of Kubo formula [35, 36] , where λ is the incident wavelength in air and τ is the momentum relaxation time. Here, these parameters are respectively set as λ 1 = 9.8 μm, λ 2 = 10 μm, μ c = 0.16 eV, τ = 0.5 ps [37-40]. In the condition, the graphene permittivity increases as the light intensity increases, indicating that the graphene nonlinearity belongs to the self-focusing nonlinear type.
Taking the graphene nonlinearity into consideration, Eq. (1) turns into a nonlinear eigen problem, which could be solved by using the self-consistent method [41] . We set two Gaussian field distributions around the array boundary as initial values for the numerical iterative calculation, where the peak intensities are set as 180 V 2 /μm 2 and 220 V 2 /μm 2 for the first and second components respectively. In the calculation, the transverse magnetic field H y,m and transverse electric field E x,m are obtained by solving the nonlinear eigen problem of Eq. (1), at meanwhile, the tangential electric field E z,m is derived by the relation which is also from Maxwell's Equations 
where m = 1, 2 corresponding the first and second field components. The relative permittivity ε r (x) in the zone occupied by graphene is equal to the value of ε g = 1 + iσ g η 0 /(k 0 Δ). While in the dielectric zone, the relative permittivity ε r (x) equals to the constant value of ε d = 2.13. As the relative permittivity of graphene depends on the field intensity, the relative permittivity ε r (x) corresponding to graphene location is updated with the solved field distributions (|E z | 2 = |E z,1 | 2 + |E z,2 | 2 ) of the previous step during every iterative process. Repeating the process of solving the field distributions of two components and updating the permittivity, we can obtain the transverse distribution of the surface vector PLSs until the eigenvalues are stable. The transverse field distributions of the two components are obtained as shown in Fig. 2 . Here, the loss of graphene is not taken into account at first. It has also been verified that the distributions do not change much even though the loss is included. For the first component, the tangential electric field (E z ) and the intensity distribution .
The width of the first component w 1 = 0.027 μm, which is equivalent to 0.0027λ, while the input power P 1 = 39.8 W/m. For the second component, the propagation constant β 2 is about 82.4 μm −1 , belonging to the finite gap (80.7 μm −1 < β 2 < 91.3 μm −1 ). Its normalized tangential electric field (E z ) and intensity distribution (|E| 2 ) are shown in Figs. 2(c) and 2(d). The effective width w 2 = 0.04 μm, which is equivalent to 0.004λ. The power of the second component P 2 = 48.7 W/m. However, in the infinite plasmonic lattice, the effective widths of two components are w 1 = 0.03 μm and w 2 = 0.046 μm under the same input powers. In Fig. 2 , the width of the bulk PLS represented by the red dash line is larger than that based on the semi-infinite lattice. It indicates that surface vector PLSs are easier to excite and exhibit stronger power confinement in comparison with the bulk counterparts in the infinite GPAs. Besides, as the surface vector PLSs distribute at the interface of graphene arrays and an open half-space, they can interact with other materials and be modulated by the external environment more readily. As a result, the surface vector PLSs may find applications in optical sensors and environment detection. When we modulate the intensity of arbitrary component, the propagation constants of both components are changed simultaneously, as shown in Figs. 3(a) and 3(b) . As the light intensity is enhanced, the values of both propagation constants increase, and thus stay deeper in their corresponding band gaps. We also consider the influence of light intensity on the widths and propagation distances of two components. As the intensity of the first component increases, both the widths of the two components decrease, as shown in Fig. 3(c) . As the intensity increases, the nonlinear effect is strengthened, leading to more localized soliton distribution. When the loss of graphene is considered, the soliton propagation length is obtained by L 1,2 = 1/(2Im(β 1,2 )). As shown Fig. 3(d) , the real propagation lengths of two components increase as the intensity of the first component increases.
To demonstrate the propagation of the surface vector PLSs, we substitute the nonlinear eigenmode solutions (see Fig. 2 ) into the full Maxwell's equations. The soliton propagation is simulated by using the modified split-step Fourier beam propagation method [34] . In the lossless case, two components propagate stably as shown in Figs. 4(a) and 4(b) . As any one of the two components is removed, the other one will diffuse into GPAs, as shown in Figs. 4(c) and 4(d). It means that two components of the surface vector PLSs should exist simultaneously to remain the stable propagation. Their mutual influence during the light propagation will benefit to developing all-optical switches. We also present the propagation of the surface vector PLS in the real lossy case, as shown in Figs. 4(e) and 4(f). In the nonlinear condition, the propagation constants of two components are obtained as β 1 
Threshold power of surface vector PLSs
We note that the first component of surface vector PLS originate from the Brillouin zone center φ = 0 with λ 1 = 9.8 μm and stays in the semi-infinite gap (β 1 > 96.6 μm −1 ), while the second component (λ 2 = 10 μm) corresponds to the Brillouin zone edge φ = π and emerges from the finite gap (80.7 μm −1 < β 2 < 91.3 μm −1 ). When only considering the first component, the relation between power and propagation constant of the formed scalar soliton is shown in Fig. 5(a) . From the relation curve, the threshold power is P c = 46.5 W/m which is the minimum power to excite scalar surface soliton of the first component. From Fig. 5(a) , all the nonlinear surface localized modes staying in the semi-infinite gap are separated from the first propagation band. The localized field of the scalar soliton redistributes the structure permittivity due to the intrinsic nonlinear effect. The structure with updated permittivity distribution also guides eigen modes for λ 2 = 10 μm. In the condition only injecting the light of the first component, the eigen mode for λ 2 = 10 μm and locating at the Brillouin zone edge φ = π is regarded as a linear guided mode [32] , which corresponds to the second component. Accordingly, the guided mode is modulated by the scalar solitons of the first component. Figure 5(b) shows the propagation constant of the linear guided mode, which corresponds to the second component, varies with that of the scalar solitons of the first component. Their propagation constants staying in the gap are also separated from the second propagation band. Focusing on the scalar soliton of the second component, the power varies with the propagation constant as shown in Fig. 5(c) . The threshold power is about 73.5 W/m. Similarly, the guided modes for the first component are also influenced by the scalar light field of the second component. The relation between the propagation constant of linear guided modes for the first component and that of the input scalar field for the second component is shown in Fig. 5(d) . It should be noted that the composite state of the scalar soliton and the corresponding guided mode could also be regarded as surface vector solitons [32]. To further investigate the interaction between the two components of the surface vector PLS, we plot the transverse distribution of the scalar soliton for the first component in Fig.  6(a) . The nonlinear mode corresponds to the dot a 1 in Fig. 5(a) , which has the peak intensity I 1 = 180 V 2 /μm 2 . The transverse profile of the mode guided by the scalar soliton is shown in Fig. 6(b) , which corresponds to the dot a 2 in Fig. 5(b) . As the intensity amplitude of the guided mode increases, it acts with the surface scalar soliton, leading to the formation of mutual-trapping stable light beams, namely the surface vector solitons. As the peak intensity increases to I 2 = 220 V 2 /μm 2 , the surface vector PLS is formed, as shown in Fig. 2 . The effective width of the scalar soliton presented in Fig. 6(a) is about 0.05 μm, which is almost twice larger than that of 0.027 μm in Fig. 2(b) , although both of them have the same peak intensity I 1 = 180 V 2 /μm 2 . The added second component can enhance the localization of the first component. For the surface scalar soliton shown in Fig. 6(a) , the power P 1 = 47.4 W/m, while the power of the vector soliton component in Fig. 2(b) is P 2 = 39.8 W/m, which is even smaller than the threshold power of the single first component (P c = 46.5 W/m). We can see that the added light beam can also decrease the threshold power for the first light component and make the surface PLS inspired more readily. We also consider the influence of the chemical potential on the threshold power for each single component. As shown in Fig. 7 , the threshold power for arbitrary component increases as the chemical potential increases. The enhancement of the chemical potential leads to stronger curvature of the dispersion-relation curve [28, 29] , which means that the diffraction becomes stronger and needs more nonlinear effect to balance. 
Conclusions
In conclusion, we have investigated the surface vector PLSs in semi-infinite graphene-pair arrays. There are two propagation bands of SPPs in the structure. The components of surface vector PLSs have different frequencies and correspond to distinct band gaps. They undergo mutual self-trapping through the balance between SPPs diffraction and the nonlinearity effect of graphene. Due to the strong confinement of SPPs in graphene, the width of surface vector PLSs can reach deep-subwavelength scale. By varying the chemical potential of graphene, the threshold power can be tuned flexibly. The study may find applications in all-optical switches, optical sensors, and soliton-based navigation on deep-subwavelength scale. 
